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I. INTRODUCTION
A membrane of a dielectric elastomer, sandwiched between two compliant electrodes, is a deformable capacitor. When the elastomer is subject to voltage, it reduces its thickness and expands its area-the elastomer functions as an actuator.
1,2 When a pre-stretched and pre-charged elastomer is allowed to contract under the open-circuit conditions, the voltage across the electrodes is boosted-the elastomer functions as a generator. 3 Dielectric elastomer generators (DEGs) are highly deformable, lightweight, low in cost, resistant to corrosion and have a high specific energy of conversion.
3, 5 DEGs were designed to harvest energy from human motion 5, 6 and ocean waves. 5, 7 DEGs with specially designed self-priming circuits allow energy to be harvested within a small, portable unit. [8] [9] [10] Reported values of specific energy conversion range from 0.133 to 400 mJ/g. 3, 5, 11 Theoretical estimates indicated electrical energy per cycles as high as 1.7 J/g for acrylic elastomers, 4 more than an order of magnitude higher than existing technologies such as piezoelectric and electromagnetic materials. 5, 12 However, there is no such a thing like perfect dielectric. Dielectric elastomers suffer from dissipative processes; in this paper, we discuss the effect of viscoelasticity and leakage currents on the performance of DEGs. Experiments have shown that viscoelasticity and current leakage significantly affect the energy conversion performance of dielectric elastomer transducers. 9, [13] [14] [15] [16] Here, we develop a theoretical framework to analyze how viscoelasticity and current leakage affect the performance of a dissipative dielectric elastomer generator, similar to our previous work on dielectric elastomer actuators. 16 We first show that conversion cycles in DEGs reach steady-state conditions after several cycles. This allows us to represent cycles in work conjugate plots. We then introduce performance parameters of DEGs: electrical energy generated per cycle, average power output, and mechanical to electrical energy conversion efficiency. We show that DEGs can waste energy instead of generating it, under conditions of excessive leakage currents when operated close to the material limits. We also introduce contour plots for the performance parameters of generators, which help in the design and assessment of cycles. In particular, we analyze how optimal outputs may be achieved under given specific operating conditions.
II. MODEL OF DISSIPATIVE DIELECTRIC ELASTOMERS
This section summarizes the model of dissipative dielectric elastomers. 16 Consider a membrane of a dielectric elastomer sandwiched between compliant electrodes (Fig. 1) . The electrodes are assumed to have negligible electrical resistance and mechanical stiffness. In the reference state, the elastomer is undeformed and uncharged. In a deformed state, the membrane is subject to an equal-biaxial force P and is connected to a voltage source U through a conducting wire. The dimension of the elastomer changes from L to l in both in-plane directions, while its thickness reduces from H to h. The elastomer is taken to be viscoelastic and an imperfect insulator. The voltage source is connected to the membrane through a conducting wire, in which the current is i. The magnitude of the charge on the electrodes is Q p , and the current through the membrane is i leak . To focus on dissipation due to the elastomer, we further assume that the conducting wire and the compliant electrodes are perfect conductors, so a) suo@seas.harvard.edu.
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V C 2012 American Institute of Physics 111, 094107-1 that the current flows from the voltage source to the electrodes with no losses. Define the stretch as k ¼ l=L, the stress as r ¼ P=ðlhÞ, the electric displacement as D ¼ Q p =l 2 , the electric field as E ¼ U=h, and the leakage current density as j leak ¼ i leak =l 2 . The elastomer is assumed to be incompressible so that h ¼ Hk À2 . We model current leakage by representing the dielectric elastomer as a capacitor in parallel with a conductor (Fig.  2(a) ). Let Q be the total amount of charge transported through the conducting wire, Q p be the magnitude of the positive and negative charges on the two electrodes that polarize the membrane, and Q leak be the charge that leaks through the membrane. The conservation of charge requires that
The electric displacement relates to the electric field by D ¼ eE, where permittivity of the elastomer e is assumed to be independent of deformation. 17 We may relate Q p to U as
Equation (2) is the capacitive relation that connects the charge on the electrodes to the voltage. The membrane is a deformable capacitor: the capacitance varies with the stretch as k
.
The amount of Q leak that flows through the membrane per unit time is the leakage current (i leak ). Leaked charges may be a result of the transport of electrons, ions, or both. 18, 19 The onset and amount of leakage current is often linked to the presence of impurities and imperfections. 18, 19 i leak may not be easily measured and is often inferred from Eq. (1). Differentiating Eq. (1) with respect to time, we write
where i leak may be inferred from the difference of measureable quantities i, and the rate of change of polarizing charge dQ p =dt, which is related to measurable quantities of U, k, e, and H in Eq. (2). Equation (3) also defines the current flow through the electrical circuit shown in Fig. 2(a) . Recent experiments have reported that the conductivity for VHB 4910 increases exponentially under increasing electric field. 20 We relate the leakage current density j leak to the electric field E as
We assume that the conductivity varies exponentially with the electric field
where r 0 is the conductivity at small electric fields, and E B is an empirical constant with the same dimension as the electric field. When E ( E B , the elastomer approximates an Ohmic conductor, i.e., j leak % r c0 E. As E ! E B , the conductivity increases exponentially. 20 The RC time constant in a resistor-capacitor circuit is defined by the ratio between the permittivity and the conductivity of the dielectric
Note that r c in Eq. (6) In a deformed state, subject to equal-biaxial forces P and voltage U, the membrane is of thickness h and area l 2 . The dielectric elastomer is viscoelastic and leaks current. The voltage is connected to the membrane through a conducting wire, in which the current is i. The magnitude of the charge on the electrodes is Q p , and the current leaking through the membrane is i leak . Viscoelastic dielectrics have recently been studied theoretically using rheological models of springs and dashpots. 16, 22, 23 Here, we adopt a model of two polymer networks connected in parallel (Fig. 2(b) ). One network consists of a spring a, and the other network consists of another spring b connected in series with a dashpot. Experiments have shown that elastomers stiffen significantly when highly stretched. 21 This may be due to the finite contour length of the polymer chains, which imposes a limit stretch. 24 To account for this stiffening effect, we characterize both springs using the Gent model; l a and l b are the shear moduli of the two springs, and J a lim and J b lim are the constants related to the limiting stretches of the two springs. Subject to a force, the networks deform by a stretch k. By geometry, the spring a deforms by stretch k. For the bottom network, the spring b deforms by stretch k e , and the dashpot deforms by stretch n. The total stretch in the bottom network is given by k e n, which must be equal to k. We write
Equation (7) gives the equation-of-state for a viscoelastic dielectric elastomer. The left-hand side of Eq. (7) is the applied stress (r) and Maxwell stress (eE 2 ), balanced by the stresses in the springs on the right-hand side.
We model the dashpot as a Newtonian fluid. From Fig. 2(b) , considering equilibrium of forces in the bottom network, the stress in the dashpot must be equal to that in spring b. This stress is given as the last term in Eq. (7). The rate of deformation in the dashpot is described by n À1 dn=dt. We relate the rate of deformation in the dashpot to the stress on the dashpot and write
where g is the viscosity of the dashpot. The viscoelastic relaxation time is defined by the ratio of the viscosity of the dashpot and the modulus of spring b
Experiments have suggested that very-high-bond (VHB) elastomer posseses multiple relaxation times, which range from a few seconds to hundreds of seconds or even longer. 25, 26 To illustrate essential ideas, we shall only consider a single relaxation time in our analysis, but note that our model may be extended to accommodate multiple relaxation times.
The system of equations evolves the state of the membrane in time. 16 The membrane is a transducer of two external degrees of freedom. The mechanical degree of freedom is characterized by a pair of work-conjugate variables: the force P and the length l. The electrical degree of freedom is characterized by another pair of work-conjugate variables: the voltage U and the charge Q. These four variables are typically measured experimentally and are known as external variables. Any two of the four external variables can be used to specify a state of the transducer. To fully specify a state of the transducer, however, we also need to know the internal variables that characterize the progression of the dissipative processes, such as the stretch of the dashpot n and the charge on the electrodes Q p . In simulation, we prescribe two of the external variables independently as functions of time and use the system of equations to evolve the other two external variables and all the internal variables in time.
III. CYCLE OF ENERGY CONVERSION
Dielectric elastomer generators have been designed to operate in cycles of various kinds. 4, 5, 14, 15, 27 Here, we consider a dielectric elastomer generator that couples a dielectric membrane to the external circuits via a three-way switch (Fig. 3) . Two reservoirs of charges are represented a battery of a low voltage U L and a battery of a high voltage U H . A cycle consists of two constant-voltage processes and two open-circuit processes (Fig. 4) . In the constant-voltage process A!B, the switch connects the membrane to the battery of the low voltage U L , the force stretches the membrane, and the battery of the low voltage U L supplies charges to the electrodes. In the open-circuit process B!C, the switch disconnects the membrane from either battery, the mechanical force is partially released to make the membrane contract in length and increase in thickness, and the voltage between the two electrodes increases. In the constant-voltage process C!D, the switch connects the membrane to the battery of the high voltage U H , the force is further released to make the membrane contract in length and increase in thickness, and the membrane pumps charges to the battery of the high voltage U H . In the open-circuit process D!A, the switch disconnects the membrane from either battery, the mechanical force stretches the membrane, and the voltage between the two electrodes decreases. During the cycle, charge may also flow as the leakage current i leak through the membrane.
The cycle can be represented in the force-length diagram and voltage-charge diagram ( denotes a state, a line denotes a process, and a contour denotes a cycle. Dotted lines represent a cycle for a generator without loss, while solid lines represent a cycle for a generator with current leakage and viscoelastic relaxation. The area bounded by the rectangle A 0 B 0 C 0 D 0 A 0 in the voltage-charge diagram gives the electrical energy converted by the generator without loss, which is exactly two times that of the region bounded by the dotted lines in the force-length diagram. This cycle was described in a previous work 4, 27 and demonstrated experimentally. 15 This cycle when represented on the voltage-charge diagram is reminiscent of the Carnot cycle when represented on the temperature-entropy diagram. 28 The Carnot cycle sets ideal operating conditions, as practical devices are never as efficient as the Carnot cycle. For instance, the efficiency of heat engines is limited by the rate of heat transfer to and from the working substance. 29 Similarly, subject to cyclic loadings, the performance of a dielectric elastomer generator is affected by dissipative processes. 9, 13, 15 The cycle for the dissipative generator is similar to that of the generator without loss, except for three differences. First, due to viscoelasticity, the dissipative generator requires a few cycles to achieve a steady-state, a point to be elaborated later in Sec. IV. Fig. 5 shows only the steady-state cycle. Second, the viscoelastic loss enlarges the area of the cycle in the force-length diagram. Third, due to leakage charge Q leak , the total charge at state B is greater than Q high (Fig. 5(b) ). Electrical work is done on the membrane in the direction of increasing Q. The amount of electrical work done on the membrane is the total area bounded under the line AB. Conversely, electrical work is done by the membrane in the direction of reducing Q. The difference between the work done by the membrane (C!D) and the work done on the membrane (A!B) gives the net energy produced by the membrane. Because of leakage charge, the initial and final states in the U-Q plane will not meet after completion of one cycle.
In simulating the cycle, we prescribe an input signal of stretch-time (Fig. 6) . In this signal, we prescribe an initial In the constant-voltage process A!B, the switch connects the membrane to the battery of the low voltage U L , which supplies charges to the electrodes while the force stretches the membrane. In the open-circuit process B!C, the switch disconnects the membrane from either battery, the mechanical force is partially released to make the membrane contract in length and increase in thickness, and the voltage between the two electrodes increases. In the constant-voltage process C!D, the switch connects the membrane to the battery of the high voltage U H , which receives charge from the membrane as the force is released to make the membrane contract in length and increase in thickness. In the open-circuit process D!A, the switch disconnects the membrane from either battery, the mechanical force stretches the membrane, and the voltage between the two electrodes decreases. pre-stretch k o before the start of the first cycle. A long time is allowed to elapse, so as to enable the stress in the membrane to equilibrate with k o , before the energy conversion cycle begins. For all cycles, we prescribe the maximum stretch k max and minimum stretch k min at states B and D, respectively. We also prescribe a constant magnitude for the stretch rate dk=dt during all steps in this cycle. The period of the cycle is
We also prescribe U L and U H when the switch connects the membrane to either battery. We define three indices of performance: specific net electrical energy generated per cycle in J/g (Y), specific power generated per cycle in W/g (w), and the mechanoelectrical conversion efficiency (g me ). For a generator, the mechanical work done per cycle is integrated over the cycle on the force-length diagram
All integrals are taken over a steady-state cycle. The factor of 2 results from equal-biaxial deformation. The electrical energy generated per cycle is integrated over the cycle on the voltage-charge diagram
The negative sign is used to conform to the convention that W ele > 0 if the cycle generates electrical energy. Recall the conservation of charge, dQ ¼ dQ p þ dQ leak ; the electrical energy generated can also be expressed as
The generator may produce negative electrical energy, if the charge leakage Q leak is excessive-that is, the generator dissipates more energy than it generates. This behavior should be avoided. Define the specific electrical energy generated per cycle as
where q is the mass density of the elastomer. One strives to maximize Y, so as to produce a maximal amount of energy with minimal amounts of material. Define the specific power per cycle as Equation (14) allows one to adapt the operation of a DEG based on a given power rating, by selecting an appropriate combination of Y and t cycle . One may also wish to enhance the specific power per cycle by speeding up the cyclic operation. 5 Define the mechano-electrical conversion efficiency g me as
A generator without loss operates at g me ¼ 1. On the other hand, when W ele < 0, the system operates at negative efficiency; the generator is wasting energy instead of generating it.
In the dissipative generator, energy is lost due to viscoelasticity and charge leakage. For viscoelastic relaxation, the elastomer dissipates energy through the work done on the dashpot. As mentioned earlier, the stress acting on the dashpot r b is the same stress that acts on the spring b (Eq. (7)), and we denote the nominal stress as: s b ¼ r b =n. The viscous loss W visc in a cycle is given as
Similarly, the dissipated energy due to current leakage is defined as
By the conservation of energy, the input energy must be equal to the output energy and losses 
IV. CYCLE PERFORMANCE OF A DISSIPATIVE DIELECTRIC ELASTOMER GENERATOR
Polyacrylate VHB elastomer has been used extensively to develop dielectric elastomer generators.
3-5,7-11,15,27 We select this material for our analysis and fitted the material parameters in Eq. (7) 25 comparable to the time scale of operation for the generator. 5 We assume the elastomer to be lightly crosslinked, which polarizes like a polymer melt. As such, the dielectric permittivity e is negligibly affected by deformation. 30 Experiments suggest that e ¼ 4.5e o . 21 We neglect dielectric relaxation in our analysis. Parameters for the current leakage model in Eq. (5) have been previously fitted to experiments, 16, 31 where r c0 ¼ 3:23 Â 10 À14 S=m and E B ¼ 40 MV=m. As mentioned before, of the four external variables, the force P, length l, voltage U, and change Q, any two can be prescribed independently as functions of time. The other two external variables, along with all the internal variables can be calculated by evolving the system of equations in time. In a simulation, we prescribe k o ¼ 4, k max ¼ 6, and k min ¼ 3:7, as well as U L ¼ 2:5 kV and U H ¼ 3:3 kV (Fig. 6) . The period is t cycle ¼ 4.6 s. We show the response of the generator in time-history plots ( Fig. 7) and in diagrams of various work-conjugating variables (Fig. 8) . Due to viscoelasticity, the generator may require a few cycles for the mechanical response to achieve steady-state. This implies that the states in the force-length diagram do not form a closed loop, until steady-state is attained (Fig. 8(a) ). The stress-stretch plot of the dashpot clearly exhibits this fact (Fig. 8(e) ). In our calculations, steady-state was typically attained after four to five cycles (Fig. 7) . Steady-state may be attained for the first cycle only when the elastomer exhibits elastic mechanical response-when the cycle time of the generator is much faster, or much slower than the viscoelastic time scale, defined in Eq. (9). Due to current leakage, the total charges in the generator will increase after every cycle (Fig. 7(b) ). In the voltage-charge diagram, the initial and final states will not meet after completion of one cycle (Fig. 8(b) ). By definition of Eq. (1), the sum of the areas in the U-Q p , and the U-Q leak diagrams, in the steady state, must be equal to the electrical output by the generator.
In the cycle depicted in Figs. 7 and 8 , the specific electrical energy generated per cycle Y is 131 mJ/g, with a specific average power w of 28.4 mW/g. The mechanoelectrical conversion efficiency for this cycle is 37%. This low efficiency is due to dissipation in the generator. Viscous losses (Fig. 8(e) ) increase the amount of mechanical work required to stretch the elastomer, which reduces the efficiency. Charge losses associated with leakage current through the membrane (Fig. 8(d) ) significantly affect the efficiency and the specific energy output of the dielectric elastomer generator in three ways. First, these charge losses increase the electrical work input during charging of the elastomer (A ! B). Second, when the generator is operating in the open-circuit condition (B ! C), charge losses result in a slight decrease in the polarizing charges on the electrodes of the elastomer (Fig. 8(c) ). If the contraction process is too slow, significant leakage current may result in a very small or even negative voltage boost. Third, charge losses decrease the net amount of charge that is delivered to the output battery during discharging (C ! D), resulting in lower electrical work output. However, we note that current leakage is somewhat negligible during D ! A, as the voltage across the elastomer drops to U L under low stretch states.
We next illustrate the performance of a generator over a specific range of operating conditions. In this set of calculations, we set U L ¼ 2:5 kV, U H ¼ 3:3 kV, k o ¼ 4, and k min ¼ 3:7, and study the effect of t cycle and k max on the performance. We plot these data on contour plots (Fig. 9) . The generator is most efficient in fast cycles with relatively small operating strains (Fig. 9(a) ). As the cyclic period increases, the generator becomes less efficient. For slower cycles, the efficiency of the generator also decreases for cycles with higher operating strains. For instance, at t cycle % 8 s, the efficiency first increases due to greater conversion energy at increasing strains of operation, before the efficiency decreases from 40% to negative as k max increases from 4.8 to 6. At negative efficiency, the generator is not producing any net useful electrical output. Instead of harvesting energy, the generator is wasting energy. The efficiency drop is due to increased viscous and leakage losses under larger operating strains. Leakage losses still dominate, due to the higher electric fields at large actuation. 16 This observation is also consistent with experimental observations, which show leakage losses significantly limit the efficiency of actuation cycles under large stretches. 13 In terms of specific energy generated (Fig. 9(b) ) and specific power (Fig. 9(c) ), the dissipative generator performs better with increasing k max for t cycle < 7 s. This is in agreement with our previous finding, which shows that an ideal generator achieves greater specific energy with increasing strains of operation. 4 However for cycles with t cycle > 7 s, there exists an optimal k max , where the specific energy and power attains a peak, before deteriorating as k max increases further. Interestingly, the onset of this phenomenon coincides with t cycle ¼ 7 s, which is the estimated RC time constant computed using Eq. (6). This means that the effect of current leakage becomes increasingly pronounced for cycle times greater than the RC time constant, thereby reducing the energy generated, especially at large strains of operation. In our example, the maximum possible specific energy generated per cycle and specific power are 288 mJ/g and 288 mW/ g, respectively, at k max ¼ 6 and t cycle ¼ 1 s (Figs. 9(b) and 9(c)).
The plots in Fig. 9 also indicated an inverse relationship between efficiency and the energy generated. That is, the generator may convert energy very efficiently, but generate a small specific energy and power. Nevertheless, one may then use these plots to design a dielectric elastomer generator, based on a given set of environmental constraints. For example, if we assume a typical period of 4 s for generators deployed to harvest energy from ocean waves, 32 the generator should operate with a maximum stretch k max ¼ 6, so as to extract the highest specific energy and power output. On the other hand, if maximum conversion efficiency is desired, the generator should operate at k max ¼ 5. Previously, a specific electrical energy generated of 125 mJ/g had been reported for prototype buoy generators operating at 0.3 Hz (Ref. 32) . Small scale parasitic power generators, which capture energy from sources such as human activity, 5, 6, 11 may have different optimization goals from large scale generators used to harvest energy from renewable sources such as wind or ocean waves. Still, we may design the generator for different applications using the contour plots. We further note that the actual specific energy and power densities of any generator also depend on its configuration, material parameters, operating conditions, and electronic circuit design. The aim of this paper is not to compare quantitatively with published results, but to present a method to evaluate and design a dielectric elastomer generator. More realistic and accurate contour plots may be produced when more experimental data become available.
To be more specific on losses, we plot current leakage (W leak ) in isolation. As t cycle increases, viscous losses build up. This leads to a higher mechanical input work ( Fig. 10(a) ), with more work expended through viscous dissipation, thereby lowering the conversion efficiency ( Fig.  9(a) ). Despite the viscoelastic nature of VHB, 9,13,15 leakage losses increase more substantially and dominate for slower cycles (Fig. 10(b) ). This results in a rapidly decreasing net electrical energy generated (Fig. 10(a) ) with increasing t cycle . However when t cycle is much smaller than the dissipation time scales, s V and s RC , losses are minimal and the generator may be capable of high specific energy and power densities (Figs. 9(b) and 9(c) ). Therefore to achieve an efficient generator with high specific energy and power densities, it may be attractive to operate at cyclic periods faster than the dissipation time scales of the elastomer.
V. CONCLUSION
This paper models dielectric elastomer generators with two dissipative processes: viscoelasticity and current leakage. The generator is modeled as a system of two degrees of freedom and the generation cycle is represented on workconjugate planes. The area bounded by the contour describing the cycle on the force-displacement plane represents the input mechanical energy, while the corresponding area on the voltage-charge plane gives the generated electrical energy per cycle. Subsequently, the electromechanical efficiency, the specific electrical energy generated per cycle, and the specific average power may be obtained. We determine the steady state response and illustrate the effects of dissipation for generators made of the VHB elastomer. For a model generator operating in a Carnot-like cycle, we show that the performance parameters are strongly dependent on operating frequencies and strains. The generator is most efficient in fast cycles with relatively small operating strains. For long cycle durations, the generator may operate at negative efficiency and waste energy due to substantial leakage losses. Viscous losses also increase the mechanical input work, which results in a lower efficiency for the generator. We also find that the generator may achieve high specific energy density and specific power by operating in fast cycles under large strains. However for slower cycles, the performance of the generator diminishes under larger operating strains due to significant current leakage losses. Our method may be adapted to analyze more sophisticated generator designs and material models, with different cycles of operation and operating conditions. This method may be used to evaluate, design, and optimize dielectric elastomer generators.
